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• Quantity of data matters, but quality often matters more! 

• Sometimes, data are expensive (time, money, ethics …) to obtain.

• How do we extract more information using limited budget?



Outline



Outline

• Sequential Data Acquisition Framework



Outline

• Sequential Data Acquisition Framework

• An Introduction to Gaussian Processes



Outline

• Sequential Data Acquisition Framework

• An Introduction to Gaussian Processes

• Common Acquisition Functions



Outline

• Sequential Data Acquisition Framework

• An Introduction to Gaussian Processes

• Common Acquisition Functions

• Selected Topics



Sequential Data Acquisition Framework



Sequential Data Acquisition



• Decision space  (all potential observation locations)X

Sequential Data Acquisition



• Decision space  (all potential observation locations)X

• Outcome space  (observed values, e.g. temperature, salinity)Y

Sequential Data Acquisition



• Decision space  (all potential observation locations)X

• Outcome space  (observed values, e.g. temperature, salinity)Y

• Utility function  (the information content of an observation)U(y)

Sequential Data Acquisition



• Decision space  (all potential observation locations)X

• Outcome space  (observed values, e.g. temperature, salinity)Y

• Utility function  (the information content of an observation)U(y)

• Predictive model  (observation value forecasts)p(y |x)

Sequential Data Acquisition



• Decision space  (all potential observation locations)X

• Outcome space  (observed values, e.g. temperature, salinity)Y

• Utility function  (the information content of an observation)U(y)

• Predictive model  (observation value forecasts)p(y |x)

• Existing data  (observed location-value pairs so far)𝒟n = {(xi, yi)}n
i=1

Sequential Data Acquisition



x*n+1 := argmax
x∈X

𝔼y∼p(⋅|x,𝒟n)[U(y)]

• Decision space  (all potential observation locations)X

• Outcome space  (observed values, e.g. temperature, salinity)Y

• Utility function  (the information content of an observation)U(y)

• Predictive model  (observation value forecasts)p(y |x)

• Existing data  (observed location-value pairs so far)𝒟n = {(xi, yi)}n
i=1

Sequential Data Acquisition



x*n+1 := argmax
x∈X

𝔼y∼p(⋅|x,𝒟n)[U(y)]

• Decision space  (all potential observation locations)X

• Outcome space  (observed values, e.g. temperature, salinity)Y

• Utility function  (the information content of an observation)U(y)

• Predictive model  (observation value forecasts)p(y |x)

• Existing data  (observed location-value pairs so far)𝒟n = {(xi, yi)}n
i=1

Sequential Data Acquisition

acquisition function
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• Start with an initial dataset .𝒟0

• For decision numbers :n = 1,…, N

• Update predictive model .p( ⋅ |Dn−1)

• Compute .x*n := argmax
x∈X

𝔼y∼p(⋅|x,𝒟n−1)[U(y)]

• Make decision and observe . {(x*n , yn)}

• Append observation .𝒟n = 𝒟n−1 ∪ {(x*n , yn)}

Sequential Data Acquisition

What if my decision yields a 
sequence of outcomes?

What if I want to make 
multiple decisions at once?

Shouldn’t 
we be (even) more strategic 

and consider future 
decisions?
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Kernel Choices
An Introduction to Gaussian Processes

• Any kernel  would work … k

• as long as the induced GP is always marginally multivariate Gaussian (i.e. with 
positive semi-definite covariance matrix).

• Thus  must be a positive semi-definite function. k

• One easy way to check is via Bochner’s theorem.

• Bochner: PSD of (Stationary) Kernels = Non-Negativity of Spectral Density.

set to zero, or considered 
separately for covariates

key design choice!
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kν=1/2
Mat (x, x′￼) = exp [−

∥x − x′￼∥2

l ]
kν=3/2

Mat (x, x′￼) = [1 +
3∥x − x′￼∥

l ] exp [−
3∥x − x′￼∥2

l ]
kν=5/2

Mat (x, x′￼) = [1 +
5∥x − x′￼∥

l
+

5∥x − x′￼∥2

3l2 ] exp [−
5∥x − x′￼∥2

l ]
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y* |x*, 𝒟, f ∼ N(μy*|𝒟, Ky*|𝒟)

μy*|𝒟 = μ(X*) + KT
* (K + σ2I)−1(y − μ(X))

Ky*|𝒟 = K** − KT
* (K + σ2I)−1K*

Conditioning on  observations  with , , predicting on  test points .n 𝒟 = {X, y} X ∈ ℝn×n y ∈ ℝy m x* ∈ ℝm

Denote Gram matrices , , .K = k(X, X) ∈ ℝn×n K* = k(X, x*) ∈ ℝn×m K** = k(x*, x*) ∈ ℝm×m

Consequence of a static perspective …

Computational Cost: O(n3)!
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Method Ideas REF

Inducing Points Select a small collection of observations (not necessarily a subset of 
data) to represent the full dataset. Felix et al. (2020) 

Vecchia Approximation Rewrite the full likelihood into a product of conditionals then drop 
dependencies from “far away” (according to an ordering) observations. 

Katzfuss & 
Guinness (2021)

Random Fourier Feature Approximate Gram matrices with low-rank approximations with 
randomly selected Fourier bases. 

Rahimi & Recht 
(2007)

SPDE-GP 
(Sarkka et al’s Version)

Reformulate the GP as the stationary solution to an S(P)DE and thus 
convert the static regression to dynamic sequential inference.

Särkkä, Solin & 
Hartikainen (2013)

SPDE-GP  
(Lindgren et al’s Version)

Reformulate the GP as the solution to an SPDE which gets reformulated 
into a Gaussian Markov Random Field via a FEM discretisation.

Lindgren, Rue & 
Lindström (2011)
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(Hyper)Parameters

kRBF(x, x′￼) = exp [−
∥x − x′￼∥2

2l2 ]

θ

fθ

Y

X

• Option 1: Pre-specify a constant .θ

• Option 2: Learn a  from data. [Empirical Bayes]θ

• Maximum likelihood

• Select the max-likelihood candidate from a list. 

• Option 3: Set a distributional prior on .θ

• Loses conjugacy in regression. 

• MCMC for exact inference, VB for approximate.



An Introduction to Gaussian Processes
The Recurring Example

kRBF(x, x′￼) = exp [−
∥x − x′￼∥2

2l2 ]
x ∈ ℝ2, l = 1

Goal: Learn the latent field using as 
few observations as possible.
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An Introduction to Gaussian Processes
The Recurring Example

Hyperparameters (kernel 
lengthscale, variance, and 
observation noise) learned 
via MLE.
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MaxVar: observe at locations which we are the 
most uncertain about (highest variance).

x*n+1 = argmax
x∈X

acq(x)

acqMaxVar(x) := Vary∼p(⋅|x,𝒟)[y]

Where are 
the points?

kRBF(x, x′￼) = exp [−
∥x − x′￼∥2

2l2 ]
• Common kernels are distance-driven.

• So predictive variance increases as 
points get further away from 
observations.  

• Max-Var seeks boundary points as 
they tend to be the furthest from 
existing observations — undesirable!! 
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H(A) := 𝔼A[−log p(A)] = − ∑
a

p(a)log p(a)

Examples 


• The entropy of a fair coin flip is .


• The entropy of a multivariate Gaussian  is .

H(coin flip) = − 0.5 × log(1/2) * 2 = log 2

G ∼ Nd(μ, Σ) H(G) =
d
2

[1 + log(2π)] + log det(Σ)

OG Bayesian
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Common Acquisition Functions
Expected Information Gain

x*n+1 = argmax
x∈X

acq(x)

EIG: observe at locations which gain the most 
information content (i.e. reduces the most entropy).

acqMaxIntVar(x) := 𝔼y∼p(⋅|x,𝒟) [H[p( ⋅ |𝒟)] − H[p( ⋅ |𝒟 ∪ {(x, y)})]]

When we are interested in the predictive 
distribution of a GP on finite test points,  
the (expected) entropy admits a closed 

form as the predictive distribution is a MVN.

It can be shown that if one cares only about one more 
point’s information gain, it is equivalent to do MaxVar.
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Quality Compute
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• Start with an initial dataset .


• For decision numbers :


• Update predictive model .


• Compute .


• Make decision and observe . 


• Append observation .

𝒟0

n = 1,…, N

p( ⋅ |Dn−1)

x*n := argmax
x∈X

𝔼y∼p(⋅|x,𝒟n−1)[U(y)]

{(x*n , yn)}

𝒟n = 𝒟n−1 ∪ {(x*n , yn)}

Sequential Decision-Making

What if my decision yields a 
sequence of outcomes?

What if I want to make 
multiple decisions at once?

Shouldn’t 
we be (even) more strategic 

and consider future 
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Trajectory Look-Aheads

What if my decision yields a 
sequence of outcomes?

x*n+1 := argmax
x∈X

𝔼y∼p(⋅|x,𝒟n)[U(y)]

x*n+1 := argmax
x∈X

𝔼F,y [U(P(x, F, T)]

Project possible future trajectories and aggregate the utilities.
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Selected Topics
Batch Designs

What if I want to make 
multiple decisions at once?

The Greedy 

• Select the best  from 
.


• Append  to  and get .


• Select the best  with .


• Repeat  times.

̂x1
{acq(x)}x

̂x1 𝒟n 𝒟+1
n

̂x2 𝒟+1
n

m
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What if I want to make 
multiple decisions at once?

The Greedy 

• Select the best  from 
.


• Append  to  and get .


• Select the best  with .


• Repeat  times.

̂x1
{acq(x)}x

̂x1 𝒟n 𝒟+1
n

̂x2 𝒟+1
n

m

The Exact 

• Solve the (at least) 
-dimensional  optimization 
problem.

m
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Shouldn’t 
we be (even) more strategic 

and consider future 
decisions?

Construct simulated ‘roll-outs’ for the next couple of decisions to reduce greediness.  
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Observation

Existing 
Data Model Acquisition 

Function

Open Questions

- What if our model is misspecified?

- How to make the acquisition optimisation fast?

- How would adaptively collected data impact inference?
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